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KA¨HLER CURRENTS AND NULL LOCI
TRISTAN C. COLLINS AND VALENTINO TOSATTI∗
Dedicated to D.H. Phong with admiration on the occasion of his 60th birthday.
Abstract. We prove that the non-Ka¨hler locus of a nef and big class
on a compact complex manifold bimeromorphic to a Ka¨hler manifold
equals its null locus. In particular this gives an analytic proof of a
theorem of Nakamaye and Ein-Lazarsfeld-Mustat¸a˘-Nakamaye-Popa. As
an application, we show that finite time non-collapsing singularities of
the Ka¨hler-Ricci flow on compact Ka¨hler manifolds always form along
analytic subvarieties, thus answering a question of Feldman-Ilmanen-
Knopf and Campana. We also extend the second author’s results about
noncollapsing degenerations of Ricci-flat Ka¨hler metrics on Calabi-Yau
manifolds to the nonalgebraic case.
1. Introduction
The general topic of this paper is the study of the boundary of the Ka¨hler
cone of a compact Ka¨hler manifold, and our goal is to understand how much
cohomology classes on the boundary of the Ka¨hler cone deviate from being
Ka¨hler. Let (X,ω) be an n-dimensional compact Ka¨hler manifold. If α
is a closed real (1, 1) form on X, then we denote by [α] its cohomology
class in H1,1(X,R). The set of cohomology classes of Ka¨hler metrics is the
Ka¨hler cone K ⊂ H1,1(X,R), which is an open convex cone. Classes in its
closure K are called nef (or numerically effective). A class [α] is said to have
positive self-intersection if
∫
X α
n > 0. Cohomology classes which are nef
and with positive self-intersection are quite close to being Ka¨hler. In fact,
thanks to a fundamental result of Demailly-Pa˘un [21], such classes contain
a Ka¨hler current, which roughly speaking is a singular Ka¨hler metric (see
Section 2 for definitions). As a result, we will also refer to them as nef
and big classes. Furthermore, thanks to Demailly’s regularization theorem
[18], the Ka¨hler current can be chosen to have analytic singularities, which
in particular implies that it is a smooth Ka¨hler metric on a Zariski open
subset of X. The largest possible subset of X that we can obtain in this
way is called the ample locus of [α], denoted by Amp(α). Its complement
EnK(α) = X\Amp(α) is called the non-Ka¨hler locus of [α], and it is a proper
analytic subvariety of X. In a sense EnK(α) measures the deviation from
[α] to being Ka¨hler, since EnK(α) = ∅ if and only if [α] is Ka¨hler. Ample
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and non-Ka¨hler loci were introduced by Boucksom [5], and they have been
much studied recently in connection with the regularity for complex Monge-
Ampe`re equations in big cohomology classes [2, 7, 20].
Given a nef and big class [α], there is another subset of X which measures
its non-Ka¨hlerity, namely the null locus
Null(α) =
⋃
∫
V
αdimV =0
V,
where the union is over all positive dimensional irreducible analytic subva-
rieties V ⊂ X where [α] integrates to zero. Note that since
∫
X α
n > 0, all
such subvarieties are proper subsets of X. The null locus was explicitly first
considered by Nakamaye [33], although it was probably studied earlier. Our
main theorem is the following:
Theorem 1.1. Let X be a compact complex manifold which is bimeromor-
phic to a Ka¨hler manifold, let α be a closed smooth real (1, 1)-form on X
whose class [α] ∈ H1,1(X,R) is nef with
∫
X α
n > 0. Then
(1.1) EnK(α) = Null(α).
Recall that compact complex manifolds bimeromorphic to Ka¨hler are said
to be in Fujiki’s class C [27, 58]. Equivalently, X is in class C if there is a
modification µ : X˜ → X with X˜ Ka¨hler.
In particular, Theorem 1.1 proves that Null(α) is a proper analytic subva-
riety ofX, a fact which is far from clear from its definition (see [33] for a proof
of this in the algebraic setting). Note that this theorem is trivially true if we
drop the hypothesis that
∫
X α
n > 0, in which case EnK(α) = Null(α) = X.
A simple example where this theorem applies is the following: let (Y n, ω)
be a compact Ka¨hler manifold and π : X → Y be the blowup of a point
y ∈ Y with exceptional divisor E = π−1(y) ∼= CPn−1. Let [α] = [π∗ω], so [α]
is nef and has positive self-intersection, with Null(α) = E. It is well-known
that there exists a smooth metric h on the line bundle O(E) with curvature
R(h) such that π∗ω − εR(h) is a Ka¨hler metric on X for all ε > 0 small. If
s is a section of O(E) that vanishes along E to order 1, then for any ε small
π∗ω+ εi∂∂ log |s|2h is a Ka¨hler current on X in the class α singular precisely
along E.
This theorem has several diverse applications, which we now describe.
The most direct corollary is an analytic proof of the following theorem in
algebraic geometry, due to Nakamaye [33] in the case of Q-divisors and to
Ein-Lazarsfeld-Mustat¸a˘-Nakamaye-Popa [23, Corollary 5.6] in general:
Corollary 1.2 ([23, 33]). Let X be an n-dimensional smooth projective va-
riety over C and D a nef R-divisor on X with Dn > 0. Then the augmented
base locus B+(D) of D satisfies B+(D) = Null(D).
Indeed the initial motivation for our work was to extend this result to all
compact Ka¨hler manifolds. For different extensions of this result to possibly
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singular projective varieties, see [12] in positive characteristic, and [9] in
characteristic zero.
From Theorem 1.1, one can also deduce a celebrated result of Demailly-
Pa˘un [21]. Our proof is not, by any means, independent of the work of [21],
and it relies crucially on the mass concentration technique developed by
Demailly-Pa˘un. We are, however, able to avoid the complicated induction on
dimension used in [21], which requires working on singular complex analytic
spaces and using the results of Pa˘un in [34].
Corollary 1.3 ([21], Theorem 0.1). Let X be a compact Ka¨hler manifold,
and denote by K the Ka¨hler cone of X. Set
P :=
{
[α] ∈ H1,1(X,R)
∣∣∣∣
∫
Y
αdimY > 0, ∀Y ⊂ X irreducible
analytic subvariety, dimY > 0
}
.
Then K is one of the connected components of P.
Next, as an application of our main Theorem 1.1, we answer affirmatively
a question of Feldman-Ilmanen-Knopf [26, Question 2, Section 10] and Cam-
pana (see [65, Section 4]) about finite time singularities of the Ka¨hler-Ricci
flow on compact Ka¨hler manifolds. Let (X,ω0) be a compact Ka¨hler man-
ifold of dimension n, and consider the Ka¨hler-Ricci flow with initial metric
ω0
(1.2)
∂
∂t
ω = −Ric(ω), ω(0) = ω0.
The flow always has a solution for short positive time [11], and a result of
Tian-Zhang [54] characterizes the maximal existence time T of the flow as
T = sup{t > 0 | [ω0]− tc1(X) is a Ka¨hler class}.
Suppose that T < ∞, so the flow develops a finite time singularity. The
limiting class of the metrics along the flow is [α] = [ω0]− Tc1(X), which is
nef but not Ka¨hler. We will say that the Ka¨hler Ricci flow does not develop
a singularity at a point x ∈ X if there is a neighborhood U ∋ x and a smooth
Ka¨hler metric ωT on U such that ω(t) converge to ωT in the C
∞ topology as
t→ T−. In fact, as we will see in Theorem 4.7, we can equivalenty require
that the curvature of ω(t) (or even just the scalar curvature) be bounded on
U up to time T , which is a more standard definition of singularity formation
in the Ricci flow (see [24]).
The following question was asked by Feldman-Ilmanen-Knopf [26, Ques-
tion 2, Section 10] and Campana (see [65, Section 4]).
Question 1.4. Do singularities of the Ka¨hler-Ricci flow develop precisely
along analytic subvarieties of X?
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It is not hard to see that if
∫
X α
n = 0 then the flow develops singularities
everywhere on X (see Section 4), so the answer is affirmative in this case.
We prove that this is true also when
∫
X α
n > 0.
Theorem 1.5. Let (Xn, ω0) be any compact Ka¨hler manifold. Assume that
the solution ω(t) of the Ka¨hler-Ricci flow (1.2) starting at ω0 exists on the
maximal time interval [0, T ) with T < ∞, and that the limiting class [α] =
[ω0]−Tc1(X) satisfies
∫
X α
n > 0. Then as t→ T− the metrics ω(t) develop
singularities precisely on the Zariski closed set EnK(α) = Null(α).
Note that Null(α) is precisely the union of all irreducible analytic subvari-
eties of X whose volume with respect to ω(t) approaches zero as t→ T−. So
it is intuitively clear (and not hard to prove) that singularities should form
at least along Null(α), and our main theorem implies that no singularities
develop on its complement. Note also that in this setup, Zhang [66] proved
that the Ricci curvature of ω(t) must be unbounded from below on X as
t → T−. Our result shows that it remains locally uniformly bounded on
compact sets away from Null(α). We also remark here that Tian has also
asked a slightly different question in [52, p.81], [53, Conjecture 2], namely
that for any finite-time singularities of the Ka¨hler-Ricci flow, the weak limit
as t→ T− of ω(t) as currents should be a current which is smooth at least
on a Zariski open set. Theorem 1.5 gives a stronger answer in the case when∫
X α
n > 0. Let us also note that in the case when X is projective and [ω0] is
a rational class, the fact that no singularities develop outside Null(α) follows
from the work of Tian-Zhang [54], together with Nakamaye’s result [33].
There are many examples of such finite-time singularities. In the case
when the class [α] is the pullback of a Ka¨hler class via the blowdown of
an exceptional divisor, a delicate analysis of the singularity formation was
done by Song-Weinkove [51]. See also [26, 31, 46, 47, 48, 52, 53, 54, 64] for
more results about finite time singularities of the Ka¨hler-Ricci flow. We also
remark that if X is compact Ka¨hler with nonnegative Kodaira dimension,
and T is any finite time singularity of the Ka¨hler-Ricci flow, then we must
necessarily have that
∫
X(ω0 − Tc1(X))
n > 0, and our Theorem 1.5 applies
(see Section 4).
The next application is to the study of degenerations of Ricci-flat Ka¨hler
metrics on Calabi-Yau manifolds. Let X be a compact Ka¨hler manifold with
c1(X) = 0 in H
2(X,R). We will call such a manifold a Calabi-Yau manifold.
Let K ⊂ H1,1(X,R) be the Ka¨hler cone of X. Then Yau’s theorem [62] says
that for every Ka¨hler class [α] ∈ K there exists a unique Ka¨hler metric
ω ∈ [α] with Ric(ω) = 0. Let now [α] ∈ ∂K be a (1, 1) class on the boundary
of the Ka¨hler cone (so [α] is nef) with
∫
X α
n > 0. Let [αt] : [0, 1] → K be
a path of (1, 1) classes with [αt] ∈ K for t > 0 and with [α0] = [α]. For
0 < t 6 1 write ωt for the unique Ricci-flat Ka¨hler metric in the class [αt].
Theorem 1.6. Let Xn be a Calabi-Yau manifold and [α] ∈ ∂K be a nef
class with
∫
X α
n > 0. Then there is a smooth incomplete Ricci-flat Ka¨hler
metric ω0 on X\Null(α) such that given any path [αt], 0 < t 6 1, of Ka¨hler
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classes approaching [α] as t→ 0, the Ricci-flat Ka¨hler metrics ωt in the class
[αt] converge to ω0 as t → 0 in the C
∞
loc(X\Null(α)) topology. Moreover,
(X,ωt) converges as t → 0 to the metric completion of (X\Null(α), ω0) in
the Gromov-Hausdorff topology.
The same result holds if instead of a path one considers a sequence of
Ka¨hler classes [αi] converging to [α] (the proof is identical). In the special
case when X is projective and the class [α] belongs to the real Ne´ron-Severi
group (i.e. it is the first Chern class of an R-divisor), this was proved by
the second author in [55], except for the statement about Gromov-Hausdorff
convergence which is due to Rong-Zhang [40] (see also [41, 47]). In this case
there is a birational contraction map π : X → Y to a singular Calabi-Yau
variety, which is an isomorphism away from Null(α), and such that ω0 is the
pullback of a singular Ka¨hler-Einstein metric on Y [25]. The contraction
map is also used crucially to construct a smooth semipositive representative
of the limiting class [α]. The interested reader can also consult the surveys
[56, 57]. In our more general setup there is no contraction map, but our
theorem still shows that set where the metrics ωt fail to converge smoothly
to a limiting Ka¨hler metric is precisely equal to Null(α), exactly as in the
projective case (see Section 5).
The main technical ingredient in the proof of our main theorem is a tech-
nical extension-type result for Ka¨hler currents with analytic singularities in
a nef and big class which are defined on submanifold of X (Theorem 3.2).
The problem of extending positive currents from subvarieties has recently
generated a great deal of interest in both analytic and geometric applications
[16, 29, 42, 61]. At the moment, the best results available are due to Coman-
Guedj-Zeriahi [16], who proved that every positive current in a Hodge class
on a (possibly singular) subvariety V ⊂ CPN is the restriction of a globally
defined, positive current. Their proof uses a result of Coltoiu [15] on extend-
ing Runge subsets of analytic subsets of CN and a delicate, inductive gluing
procedure. By contrast, the technique developed here is constructive, and
relies only on a gluing property of plurisubharmonic functions with analytic
singularities. The main technical tool is the use of resolution of singulari-
ties in order to obtain estimates which allow us to glue plurisubharmonic
functions near their singularities. The ideas used here are similar, and in-
deed inspired by, techniques developed by Collins-Greenleaf-Pramanik [13]
to obtain sharp estimates for singular integral operators. In turn, these were
motivated by the seminal work of Phong, Stein and Sturm [35, 36, 37]. The
advantage of these local techniques is that we can work on general Ka¨hler
manifolds and with arbitrary Ka¨hler classes. In our paper [14], we refined
these techniques and proved an extension theorem for Ka¨hler currents with
analytic singularities in Ka¨hler classes on complex submanifolds.
This paper is organized as follows. In Section 2 we give some background
and definitions, and show how Corollaries 1.2 and 1.3 follow from Theorem
1.1. The main Theorem 1.1 is proved in Section 3, where we also establish
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an extension-type result for Ka¨hler currents (Theorem 3.2). Section 4 is de-
voted to the study of finite time singularities of the Ka¨hler-Ricci flow, and
contains the proof of Theorem 1.5. Finally, Theorem 1.6 on degenerations
of Calabi-Yau metrics is proved in Section 5.
Acknowledgments. We would like to thank D.H. Phong for all his ad-
vice and support, and S. Boucksom, S. Dinew, G. Sze´kelyhidi, B. Weinkove,
S. Zelditch, A. Zeriahi, Y. Zhang and Z. Zhang for comments and discus-
sions. We also thank the referees for carefully reading our manuscript, for
helpful comments and corrections, and for a useful suggestion which simpli-
fied our original proof of Theorem 3.2.
2. Preliminaries
In this section we give the necessary definitions and background, and
prove Corollaries 1.2 and 1.3 assuming our main Theorem 1.1.
Throughout this section and the next one, X is an n-dimensional compact
complex manifold in Fujiki’s class C [27] (i.e. bimeromorphic to a compact
Ka¨hler manifold), and ω is a Hermitian metric on X. We will denote by
H1,1(X,R) the Bott-Chern cohomology of d-closed real (1, 1) forms (or cur-
rents) modulo ∂∂-exact ones.
Let α be a smooth closed real (1, 1)-form on X. We will say that a
function ϕ on X is α-plurisubharmonic (α-PSH) if ϕ is in L1(X), upper
semicontinuous, and α+i∂∂ϕ > 0 as currents. In this case T = α+i∂∂ϕ is a
closed positive (1, 1) current onX, in the cohomology class [α] ∈ H1,1(X,R),
and conversely every closed positive (1, 1) current in the class [α] is of this
form. For details about this, and other basic facts on closed positive currents,
we refer the reader to the book of Demailly [19].
Closed positive currents are in general singular, and a convenient way to
measure their singularities is the Lelong number ν(T, x). We can also define
the Lelong sublevel sets
Ec(T ) = {x ∈ X | ν(T, x) > c},
where c > 0, and
E+(T ) :=
⋃
c>0
Ec(T ).
A fundamental result of Siu [44] shows that the Lelong sublevel sets Ec(T )
are in fact closed, analytic subvarieties of X. It follows that E+(T ) is a
countable union of analytic subvarieties. We also define a Ka¨hler current
to be a closed positive (1, 1) current T such that T > εω holds as currents
on X for some ε > 0. Thanks to a result of Demailly-Pa˘un [21], a compact
complex manifold is in class C if and only if it admits a Ka¨hler current. If a
(1, 1) class [α] contains a Ka¨hler current, it is called big. This terminology
comes from algebraic geometry: if X is projective and L is a holomorphic
line bundle on X, then L is big (in the sense that h0(X,Lk) ∼ kn for k
large) if and only if c1(L) is big in the above sense [17].
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If X is Ka¨hler, the set of all Ka¨hler classes on X is the Ka¨hler cone
K ⊂ H1,1(X,R). Classes in its closure K are called nef (or numerically
effective). A class [α] is nef if and only if for every ε > 0 there exists a smooth
function ρε on X such that α + i∂∂ρε > −εω. One then takes this as the
definition of a nef class on a general compact complex manifold. It is easy to
see that the pullback of a nef class by a holomorphic map between compact
complex manifolds is still nef. Moreover, it is clear that if the class c1(L)
is nef in the above sense then the line bundle L is nef in the usual algebro-
geometric sense (i.e. L · C > 0 for all curves C ⊂ X), and the converse is
true when X is projective [17] and also when X is Moishezon thanks to a
result of Pa˘un [34], but false for general compact Ka¨hler manifolds (a generic
complex torus Cn/Λ provides many counterexamples).
A useful notion, introduced by Demailly [18], is that of currents with
analytic singularities. These are closed positive (1, 1) currents T = α+ i∂∂ϕ
such that given each point x ∈ X there is an open neighborhood U of x with
holomorphic functions f1, . . . , fN such that on U we have
(2.1) ϕ = δ log

∑
j
|fj |
2

+ g,
where g is a smooth function on U and δ is a nonnegative real number. The
holomorphic functions fj generate a coherent ideal sheaf which defines the
analytic singularities of ϕ. In this case the current T is smooth away from
an analytic subvariety of X, which in this case is exactly E+(T ) (and also
equal to Ec(T ) for some c > 0). Then Demailly’s regularization procedure
[18] shows that if a class [α] is big, then it also contains a Ka¨hler current
with analytic singularities. We will also say that a positive (1, 1) current T
has weakly analytic singularities if its potentials are locally of the form (2.1)
with g continuous.
A fundamental theorem of Demailly-Pa˘un [21, Theorem 2.12] states that
if X is a compact Ka¨hler manifold, and [α] is nef with
∫
X α
n > 0, then [α]
contains a Ka¨hler current (i.e. [α] is big).
Finally, we introduce a number of different subsets of X, all of which aim
to measure the defect from a class [α] being Ka¨hler. In the rational case,
the sets measure the defect from the corresponding Q-divisor being ample.
Definition 2.1. Let (X,ω) be an n-dimensional compact complex manifold
in class C equipped with a Hermitian metric, and let [α] ∈ H1,1(X,R) be a
big class.
(i) Following [5], we define the non-Ka¨hler locus, denoted EnK(α), to
be the set
EnK(α) :=
⋂
T∈[α]
E+(T ),
where the intersection is taken over all Ka¨hler currents in the class
[α].
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(ii) We define the null locus, denoted by Null(α), to be the set
Null(α) :=
⋃
∫
V
αdimV =0
V
where the union is taken over all positive dimensional irreducible
analytic subvarieties of X.
(iii) Following [7], we define the ample locus, denoted by Amp(α) to be
the set of points x ∈ X such that there exists a Ka¨hler current T ∈ [α]
with analytic singularities, which is smooth in a neighborhood of x.
Finally, suppose X is a smooth projective variety, and
[α] ∈ NS(X,R) = (H2(X,Z)free ∩H
1,1(X)) ⊗ R,
belongs to the real Ne´ron-Severi group, so [α] = c1(D) for D an R-divisor:
(iv) We define the augmented base locus, denoted B+(α), or B+(D) to
be the stable base locus of D − A for some small, ample R-divisor
A with D − A a Q-divisor. That is, B+(α) is the base locus of the
linear series |m(D −A)| for m sufficiently large and divisible.
The definition of B+(D) in (iv) is well-posed, since we get the same sta-
ble base locus for all sufficiently small ample R-divisors A with D − A a
Q-divisor [22, Proposition 1.5], and B+(D) depends only on the numerical
class of D (so the notation B+(α) is justified). Furthermore, B+(D) equals
the intersection of the supports of E for all “Kodaira’s Lemma”-type decom-
positions D = A + E, where A is an ample R-divisor and E is an effective
R-divisor [22, Remark 1.3].
In [5, Theorem 3.17 (ii)], Boucksom observed that in a big class we
can always find a Ka¨hler current with analytic singularities precisely along
EnK(α). Combining this statement with the theorem of Demailly-Pa˘un [21]
and Demailly’s regularization [18], we get the following:
Theorem 2.2. Let Xn be a compact complex manifold in class C and [α] ∈
H1,1(X,R) be a nef class with
∫
X α
n > 0. Then there exists a Ka¨hler current
T in the class [α], with analytic singularities such that
E+(T ) = EnK(α).
In particular EnK(α) is an analytic subvariety of X.
Indeed, since X is in class C there is a modification µ : X˜ → X with
X˜ a compact Ka¨hler manifold [27, 58]. The class [µ∗α] is then nef and
satisfies
∫
X˜(µ
∗α)n =
∫
X α
n > 0, and so it contains a Ka¨hler current T by
Demailly-Pa˘un [21]. It is then easy to check that the pushforward µ∗T is
a Ka¨hler current on X in the class [α]. Then Demailly’s regularization [18]
and Boucksom’s argument [5, Theorem 3.17 (ii)] (neither of which needs X
to be Ka¨hler) complete the proof.
Using this result, we can show how Corollary 1.3 follows from Theorem
1.1.
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Proof of Corollary 1.3. The inclusion K ⊂ P is clear. Moreover, K is clearly
connected and open. Suppose [α] ∈ K ∩ P. Then [α] is nef and
∫
X α
n > 0.
Moreover, since [α] ∈ P, we have Null(α) = ∅. By Theorem 1.1 we have
that EnK(α) = ∅. Thanks to Theorem 2.2 there exists T ∈ [α] a Ka¨hler
current with analytic singularities and with E+(T ) = ∅, which means that
T is a smooth Ka¨hler metric. Thus, [α] ∈ K, and so K is closed in P. Since
K is connected, the corollary follows. 
There are some relations among the subsets of X introduced in Definition
2.1. The following two propositions are available in the literature, and we
include proofs for the convenience of the reader.
Proposition 2.3 (Boucksom [5]). Let Xn be a compact complex manifold
in class C and [α] ∈ H1,1(X,R) be a nef class with
∫
X α
n > 0. Then
EnK(α) = Amp(α)
c.
Proof. Apply Theorem 2.2, to get a Ka¨hler current T ∈ [α] with analytic
singularities with E+(T ) = EnK(α). Since T has analytic singularities, it
is smooth precisely wherever its Lelong number vanishes, so T is smooth
off E+(T ). This shows that Amp(α)
c ⊂ EnK(α). The reverse inclusion is
trivial. 
Corollary 1.2 follows immediately from Theorem 1.1 and the following:
Proposition 2.4 (Boucksom [3], Corollary 2.2.8). If [α] is the class of a
big and nef R-divisor D on a smooth projective variety X over C, then
EnK(α) = B+(α).
Proof. For the inclusion B+(α) ⊂ EnK(α) we essentially follow [5, Proposi-
tion 5.2]. If x 6∈ EnK(α), then there exists a Ka¨hler current T in the class [α]
with analytic singularities and smooth in a coordinate neighborhood U of x.
Choose A an ample divisor and δ′ > 0 a small constant such that D − δ′A
is a Q-divisor. Fix ω a Ka¨hler metric in c1(A), and choose 0 < δ < δ′ small
enough so that T − δω is still a Ka¨hler current and δ′ − δ ∈ Q, so that
D − δA = D − δ′A + (δ′ − δ)A is a Q-divisor. Let θ be a smooth cutoff
function supported in U and identically 1 near x, and let
T˜ = T − δω + εi∂∂(θ log |z − x|),
where ε > 0 is small enough so that T˜ is a Ka¨hler current in c1(D − δA).
The Lelong number of T˜ at x is ε, and T˜ is smooth on U\{x}. Let β
be a smooth representative of −c1(X), and let T˜m = mT˜ − β. For m
sufficiently large, T˜m is a Ka¨hler current in c1(m(D − δA) −KX), smooth
on U\{x} and with Lelong number mε at x. If m is sufficiently divisible,
then m(D − δA) corresponds to a holomorphic line bundle Lm. From the
definition of Lelong number, it follows easily (cf. Skoda’s lemma [5, Lemma
5.1]) that if m is large the subvariety cut out by the multiplier ideal sheaf
I(T˜m) of T˜m intersects U in the isolated point x. Nadel’s vanishing theorem
then implies that H1(X,Lm⊗I(T˜m)) = 0, and therefore the restriction map
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H0(X,Lm)→ (Lm)x is surjective. Hence there is a global section of Lm that
does not vanish at x. This means that x ∈ B+(α)c.
To prove the reverse inclusion, take a point x ∈ B+(α)c, so by definition
there is an ample R-divisor A such that the stable base locus of D − A
does not contain x. This means that there is a large integer m such that
mD − mA = c1(L) for some line bundle L and there is an effective Z-
divisor E linearly equivalent to mD − mA which does not pass through
x. Take s ∈ H0(X,L) a defining section for E, and complete it to a basis
{s = s1, s2, . . . , sN} of H
0(X,L). Fixing a smooth Hermitian metric h on
L with curvature form R(h) we can define a closed positive current TL =
R(h)+i∂∂ log
∑
i |si|
2
h ∈ c1(L) which has analytic singularities and is smooth
near x. If ω is a Ka¨hler metric in c1(A), then
1
mTL + ω is then a Ka¨hler
current on X in the class [α] with analytic singularities and smooth near x,
so x ∈ Amp(α)c, which equals EnK(α)
c by Proposition 2.3. 
Let us discuss the structure of Null(α) when n = 2, so X is a complex
surface and [α] is a nef class with positive self-intersection which is assumed
not to be Ka¨hler. It is well-known that complex surfaces in class C are Ka¨hler
[1]. In this case, Null(α) is the union of a family of irreducible curves Ci,
1 6 i 6 N , with the intersection matrix (Ci ·Cj) negative definite. Indeed for
any real numbers λi we have
∫
X α
2 > 0 and
∫
∑
i λiCi
α = 0, so by the Hodge
index theorem [1, Corollary IV.2.16] either
∑
i λiCi = 0 or (
∑
i λiCi)
2 < 0.
This means that the intersection form is negative definite on the linear span
of the curves Ci, which proves our assertion. Grauert’s criterion [1, Theorem
III.2.1] shows that each connected component of Null(α) can be contracted,
so we get a map π : X → Y where Y is a normal complex surface. In general
though, Y is not a Ka¨hler space.
We conclude this section by proving the easy inclusion in our main The-
orem 1.1. An alternative proof of this result (in the case when X is Ka¨hler)
can be found in [10, Theorem 2.2].
Theorem 2.5. Let X be a compact complex manifold in class C, let α be a
closed smooth real (1, 1)-form on X whose class [α] ∈ H1,1(X,R) is nef with∫
X α
n > 0. Then
(2.2) Null(α) ⊂ EnK(α).
Proof. Fix a point x ∈ X and an irreducible analytic subvariety V ⊂ X of
dimension k, such that x ∈ V , and
∫
V α
k = 0. For the sake of obtaining
a contradiction, suppose also that x ∈ Amp(α) so there exists a Ka¨hler
current T ∈ [α] with analytic singularities, smooth in a neighborhood of x.
Since V is a subvariety of X which is in C, it follows from [27] that V is also
in class C, so there is a modification µ : V˜ → V with V˜ a compact Ka¨hler
manifold of dimension k. The class [µ∗α] is nef and satisfies
∫
V˜ (µ
∗α)k = 0,
and it contains the closed positive (1, 1) current µ∗T (defined as usual by
writing T = α + i∂∂ϕ and letting µ∗T = µ∗α + i∂∂(ϕ ◦ µ)). Furthermore
µ∗T is a smooth Ka¨hler metric on a nonempty open set U˜ ⊂ V˜ . By [7,
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Proposition 1.6] the non-pluripolar product 〈µ∗T 〉k is a well-defined closed
positive (k, k)-current on V˜ . By [7, Proposition 1.20] we have that
0 6
∫
V˜
〈µ∗T 〉k 6
∫
V˜
(µ∗α)k = 0,
so
∫
V˜ 〈µ
∗T 〉k = 0. But µ∗T is a smooth Ka¨hler metric on U˜ , and so
0 <
∫
U˜
(µ∗T )k =
∫
U˜
〈µ∗T 〉k 6
∫
V˜
〈µ∗T 〉k,
which is a contradiction. 
3. Proof of Theorem 1.1
In this section we give the proof of Theorem 1.1. The idea is to observe
that if there is a point x ∈ Null(α)c∩EnK(α), then there is an entire analytic
subvariety V ⊂ EnK(α) of positive dimension, for which the restricted class
is again nef and with positive self-intersection. Moreover, there is a Ka¨hler
current R in the class [α] with analytic singularities along EnK(α) which by
assumption has positive Lelong numbers at every point of V . Assume for
the moment that V is smooth. Using the mass concentration technique of
Demailly-Pa˘un [21], it follows that V supports a Ka¨hler current T in the
class [α|V ] with analytic singularities. If we can use T to produce a Ka¨hler
current T˜ in the class [α] defined on all of X and T˜ |V is smooth near the
generic point of V , then the theorem follows, since the generic point of V is
then contained in EnK(α)
c, contradicting the definition of V . The case of
V singular is similar after passing to a resolution of singularities.
We start with the following lemma, which is the analytic counterpart of
[23, Proposition 1.1] in the algebraic case. Note that by definition Null(α)
does not have any isolated points.
Lemma 3.1. Let X be a compact complex manifold in class C and [α] a
real (1, 1) class which is nef and with positive self-intersection. Then the
analytic set EnK(α) does not have any isolated points.
Proof. If x ∈ EnK(α) is an isolated point, then we can find a small open
set U ⊂ X which contains the point x, such that U ∩ EnK(α) = {x}.
By shrinking U if necessary, we can assume that U has coordinates z =
(z1, . . . , zn). If A is a sufficiently large constant, then on U we have
α+ i∂∂(A|z|2 − C) > ω,
for any constant C. Let R = α + i∂∂F be a Ka¨hler current in [α] ∈
H1,1(X,R) which has analytic singularities, which exists thanks to a theorem
of Demailly-Pa˘un [21] and Demailly’s regularization [18]. Furthermore, we
can choose R with the property that E+(R) = EnK(α), thanks to Theorem
2.2, and R is smooth outside of E+(R). In particular F is smooth near ∂U ,
and so we can choose C sufficiently large such that max{F,A|z|2 −C} = F
near ∂U . Fix a small ε > 0 and let maxε be the regularized maximum
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function (see, e.g. [19, I.5.18]). Then F˜ = maxε(F,A|z|
2−C) equals F near
∂U and equals A|z|2 − C near x, is smooth on U , and so R˜ = α + i∂∂F˜ is
a Ka¨hler current on X in the class [α] with analytic singularities and with
x /∈ E+(R˜), from which it follows that x /∈ EnK(α), a contradiction. 
Proof of Theorem 1.1. Thanks to Theorem 2.5, we only need to show that
EnK(α) ⊂ Null(α). For the sake of obtaining a contradiction, assume the
result does not hold, and there exists x ∈ Null(α)c ∩ EnK(α). Let V be
an irreducible component of the analytic set EnK(α) passing through x.
Here and in the following whenever we deal with analytic sets, we always
consider the underlying reduced variety. From Lemma 3.1, we must have
dimV > 0. Thus, we have that V ⊂ EnK(α) is a positive dimensional
irreducible analytic subvariety, with x ∈ V . Moreover, since x ∈ Null(α)c,
we have that [α|V ] has positive self-intersection, and if V is smooth then
[α|V ] is also nef (this is true also for V singular, provided one properly
defines nef classes on singular varieties, which we will not need to do). We
will need the following theorem:
Theorem 3.2. Let X be a compact complex manifold in class C and α
a closed smooth real (1, 1) form on X with [α] nef and
∫
X α
n > 0. Let
E = V ∪
⋃I
i=1 Yi be an analytic subvariety of X, with V, Yi its irreducible
components, and V a positive dimensional compact complex submanifold of
X. Let R = α + i∂∂F be a Ka¨hler current in the class [α] on X with
analytic singularities precisely along E and let T = α|V + i∂∂ϕ be a Ka¨hler
current in the class [α|V ] on V with analytic singularities. Then there exists
a Ka¨hler current T˜ = α+ i∂∂Φ in the class [α] on X with T˜ |V smooth in a
neighborhood of the generic point of V .
Let us complete the proof of Theorem 1.1 assuming this result. Assume
first that V is smooth. Then by Demailly-Pa˘un [21] (see Theorem 2.2) there
exists a Ka¨hler current T = α|V + i∂∂ϕ ∈ [α|V ]. Furthermore thanks to
Demailly’s regularization [18], we can choose T to have analytic singularities,
so in particular T is smooth at the generic point of V . We also write
EnK(α) = V ∪
I⋃
i=1
Yi,
for distinct irreducible components Yi of EnK(α), which are all positive
dimensional thanks to Lemma 3.1.
We then apply Theorem 3.2 to E = EnK(α), with the current R con-
structed as in the proof of Lemma 3.1, and we conclude that there is a
Ka¨hler current T˜ = α + i∂∂Φ in the class [α] on X with T˜ |V smooth in a
neighborhood of the generic point of V . In particular, for a generic x ∈ V
we have ν(T˜ |V , x) = 0. But we always have that the Lelong number of T˜ at
x calculated in the ambient space X satisfies ν(T˜ , x) 6 ν(T˜ |V , x), hence T˜
has Lelong number zero at a generic point of V , and so V * E+(T˜ ). This
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immediately leads to a contradiction in this case, because by definition
V ⊂ EnK(α) ⊂ E+(T˜ ).
If V is not smooth we take π : X˜ → X be an embedded resolution of
singularities of V , obtained by blowing up smooth centers (which exists
thanks to work of Hironaka [28]), and let V˜ be the proper transform of V ,
which is now a smooth submanifold of X˜. The manifold X˜ is in class C, and
π : V˜ → V is an isomorphism over Vreg. Note that since π is bimeromorphic,
we have π∗π
∗α = α as currents. Therefore, if T is a Ka¨hler current in the
class [π∗α] on X˜ then its pushforward π∗T is a Ka¨hler current in the class
[α] on X.
The class [(π∗α)|V˜ ] is nef and has positive self-intersection on V˜ , and
hence by Demailly-Pa˘un [21, Theorem 2.12] and Demailly’s regularization
there exists a Ka¨hler current T ∈ [(π∗α)|V˜ ] with analytic singularities. Fur-
thermore, the class [π∗α] is nef and has positive self-intersection on X˜, so
by the same reason there exists a Ka¨hler current R ∈ [π∗α] with analytic
singularities along an analytic subset E of X˜ . We must have that V˜ ⊂ E,
because if not then R is smooth near the generic point of V˜ , and then the
pushforward π∗R would be a Ka¨hler current in the class [α] on X which is
smooth at the generic point of V , which contradicts V ⊂ EnK(α).
We can then apply Theorem 3.2 and get a Ka¨hler current T˜ on X˜ in
the class [π∗α] with T˜ |V˜ smooth near the generic point of V˜ . Therefore
π∗T˜ is then a Ka¨hler current on X in the class [α] whose restriction to V is
smooth near the generic point of V (note that, in general, it may be the case
that π∗T˜ has non-vanishing Lelong numbers along Vsing, which is however a
proper subvariety of V ). Again, we have a contradiction, which proves our
main theorem. 
We now turn to the proof of Theorem 3.2. The proof is somewhat tech-
nical, so we briefly outline the main steps. First, we perform a resolution
of singularities to replace the singularities of T with a divisor with simple
normal crossings on the proper transform V˜ of V , which is the restriction of
a simple normal crossings divisor on the ambient space. We then construct
local extensions on a finite open covering of V˜ , which have the same sin-
gularities on any overlap. This is a crucial point, which allows us to use a
technique of Richberg [39] to glue the local potentials to construct a Ka¨hler
current in a neighborhood of V˜ . Lastly, after possibly reducing the Lelong
numbers of the global Ka¨hler current R, we can glue the Ka¨hler current on
this neighborhood to R, to obtain a global Ka¨hler current.
Proof of Theorem 3.2. Let IT ⊂ OV be the ideal sheaf defining the analytic
singularities of the Ka¨hler current T on V . Thanks to the fundamental
work of Hironaka [28] there is a principalization π1 : V˜1 → V of IT which
is obtained by a finite sequence of blowups along smooth centers. The
center of the first blowup p1 : V1 → V is a submanifold Z of V , hence a
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submanifold of X, and the blowup q1 : X1 → X of X along Z has the
property that the proper transform V˜1 of V is smooth and isomorphic to
V1 and the restriction of q1 to V˜1 composed with this isomorphism equals
p1. Furthermore, the exceptional divisor E of q1 is in normal crossings with
V˜1 and E ∩ V˜1 is identified with the exceptional divisor of p1. We can then
repeat this procedure, and obtain a birational morphism π : X˜ → X (with
X˜ smooth), which is a composition of blowups with smooth centers, such
that the proper transform V˜ of V is smooth and
(3.1) (π|V˜ )
∗IT = OV˜
(
−
∑
ℓ
aℓDℓ|V˜
)
,
where aℓ > 0, where ∪ℓDℓ is a union of smooth divisors with simple normal
crossings in X˜, which furthermore has normal crossings with V˜ . This means
that V˜ is a smooth submanifold of X˜ , which can be covered by finitely
many charts {Wj}16j6N such that on each Wj there are local coordinates
(z1, . . . , zn) with V˜ ∩Wj = {z1 = · · · = zn−k = 0}, where k = dimV , and
with ∪ℓDℓ ∩ Wj = {zi1 · · · zip = 0}, n − k < i1, . . . , ip 6 n (see e.g. [60,
Theorem 2.0.2], [28]). Write z = (z1, . . . , zn−k) and z
′ = (zn−k+1, . . . , zn).
Since the variety cut out by IT has codimension at least 2 in X, we have
that all divisors Dℓ are π-exceptional, and we may also assume that these
are all the π-exceptional divisors.
Choose ε > 0 small enough so that
T = α|V + i∂∂ϕ > 3εω|V ,
holds as currents on V . Pulling back to X˜ we obtain
π∗α|V˜ + i∂∂(ϕ ◦ π) > 3επ
∗ω|V˜ .
Let sD be a defining section of OX˜(
∑
ℓDℓ). The smooth form π
∗ω is not
positive definite on X˜ , but there is a small δ > 0 such that
π∗ω + δi∂∂ log |sD|
2
hD
> ω˜,
for some Hermitian metric ω˜ on X˜ , where hD is a suitable smooth metric
on OX˜(
∑
ℓDℓ) (see e.g. [38, Lemma 6] or [59, Proposition 3.24]). Then
π∗α|V˜ + i∂∂(ϕ ◦ π) + i∂∂(3εδ log |sD|
2
hD
)|V˜ > 3εω˜|V˜ .
For simplicity of notation, define ϕˆ = (ϕ ◦ π) + 3εδ log |sD|
2
hD
, which is a
function on V˜ . Define a function ϕj on Wj (with analytic singularities) by
(3.2) ϕj(z, z
′) = (ϕ ◦ π)(0, z′) +A|z|2 + 3εδ log |sD|
2
hD
,
where A > 0 is a constant. If we shrink the Wj’s, still preserving the
property that V˜ ⊂ ∪jWj, we can choose A sufficiently large so that
π∗α+ i∂∂ϕj > 2εω˜,
holds on Wj for all j. It will also be useful to fix slightly smaller open sets
W ′j ⋐ Uj ⋐ Wj such that ∪jW
′
j still covers V˜ . Note that since ϕ is smooth
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at the generic point of V , by construction all functions ϕj are also smooth
in a neighborhood of the generic point of V˜ ∩Wj.
We wish to glue the functions ϕj together to produce a Ka¨hler current
defined in a neighborhood of V˜ in X˜. This would be straightforward if the
functions ϕj were continuous, thanks to a procedure of Richberg [39], but in
our case the functions ϕj have poles along ∪ℓDℓ ∩Wj. However, as we will
now show, on any nonempty intersection Wi∩Wj the differences ϕi−ϕj are
continuous, and this is enough to apply the argument of Richberg.
So take two open setsW1,W2 in the covering, withW1∩W2∩V˜ nonempty.
Let (z11 , . . . , z
1
n) be the coordinates onW1 as above, and (z
2
1 , . . . , z
2
n) the ones
on W2. If none of the divisors Dℓ intersects W1 ∩W2, then ϕi−ϕj is clearly
smooth there, so we may assume that at least one of them, Dℓ say, intersects
W1∩W2. Up to reordering the coordinates, we can write Dℓ∩W1 = {z
1
ℓ = 0}
and Dℓ ∩W2 = {z
2
ℓ = 0}. Therefore on W1 ∩W2 we must have z
2
ℓ = uℓ · z
1
ℓ ,
where uℓ is a never-vanishing holomorphic function.
From the construction of the resolution π, and thanks to (3.1) and (3.2),
we see that ϕ1 has weakly analytic singularities along ∪ℓDℓ ∩W1, and the
ideal defining its singularities is principal, namely on W1 we have
(3.3) ϕ1 = c1 log
(∏
k
|z1ik |
2α1ik
)
+ g1,
where c1, α
1
ik
are constants, g1 is a continuous function, and {
∏
k |z
1
ik
|
2α1ik =
0} equals ∪ℓDℓ ∩ W1. A similar formula holds for ϕ2 on W2, and since
ϕ1|V˜ = ϕ2|V˜ and z
j
ik
|V˜ 6≡ 0, j = 1, 2, we must have c1 = c2 and α
1
ik
= α2ik .
Thanks to the relations z2ik = uik ·z
1
ik
we see that ϕ1−ϕ2 is indeed continuous
on W1 ∩W2. Furthermore, on W1 ∩W2 the function max{ϕ1, ϕ2} differs
from ϕ1 and ϕ2 by a continuous function, and hence it has weakly analytic
singularities of the same type as ϕ1 and ϕ2, and restricts to ϕˆ on V˜ ∩W1∩W2.
Now, for the convenience of the reader, we recall the gluing argument
of Richberg [39]. We start by considering two open sets W1,W2 in the
covering with W ′1 ∩W
′
2 ∩ V˜ nonempty, and fix a compact set K ⊂ V˜ with
(W ′1 ∪W
′
2)∩ V˜ ⊂ K ⊂ (U1 ∪U2)∩ V˜ . Let M1 = K ∩∂U2,M2 = K ∩ ∂U1, so
that M1 and M2 are disjoint compact subsets of V˜ . This setup is depicted
in figure 1.
Pick θ1 a smooth nonnegative cutoff function which is identically 1 in
a neighborhood of M2 in X˜ and θ2 a smooth nonnegative cutoff function
which is identically 1 in a neighborhood of M1 in X˜ so that the supports of
θ1 and θ2 are disjoint. Then, if we choose η > 0 small, the functions
(3.4) ϕ˜j = ϕj − ηθj,
j = 1, 2 have analytic singularities and satisfy π∗α+ i∂∂ϕ˜j > εω˜ on Wj . On
W1 ∩W2 we then define
ϕ˜0 = max{ϕ˜1, ϕ˜2},
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Figure 1. The setup for the local Richberg argument.
which has weakly analytic singularities, it satisfies π∗α+ i∂∂ϕ˜0 > εω˜ and it
restricts to ϕˆ on V˜ ∩W1 ∩W2. Consider now a neighborhood of M2 in X˜,
small enough so that θ1 = 1 on M2. Since ϕ1, ϕ2 agree on V˜ and ϕ1 −ϕ2 is
continuous on this neighborhood, we see that there exists a possibly smaller
such neighborhood where
ϕ˜1 = ϕ1 − η < ϕ2 = ϕ˜2,
so that ϕ˜0 = ϕ˜2 there. Similarly, on any sufficiently small neighborhood
of M1 we have ϕ˜0 = ϕ˜1. Therefore there is an open neighborhood W0 of
K ∩ U1 ∩ U2 in X˜ such that ϕ˜0 = ϕ˜1 on W0\U2 and ϕ˜0 = ϕ˜2 on W0\U1.
Therefore we can define
W ′ =W0 ∪ (U1\U2) ∪ (U2\U1),
which is a neighborhood of K in X˜ , and define a function ϕ′ on W ′ to be
equal to ϕ˜0 on W0, equal to ϕ˜1 on U1\U2 and equal to ϕ˜2 on U2\U1. Then
ϕ′ satisfies π∗α + i∂∂ϕ′ > εω˜, it has weakly analytic singularities of the
same type as ϕ1 and ϕ2, and restricts to ϕˆ on W
′ ∩ V˜ . Clearly, W ′ contains
(W ′1 ∪W
′
2) ∩ V˜ .
We then replace W1 and W2 with W
′, replace ϕ1 and ϕ2 with ϕ
′, and
repeat the same procedure with two other open sets in this new covering.
After at most N such steps, we end up with an open neighborhood W of V˜
in X˜ with a function ϕ′′ defined on W which satisfies π∗α+ i∂∂ϕ′′ > ε′ω˜ for
some ε′ > 0, it has weakly analytic singularities, and it restricts to ϕˆ on V˜ .
This ends the gluing procedure of Richberg.
Now we have a Ka¨hler current π∗α+ i∂∂ϕ′′ defined onW , with ϕ′′ = −∞
on all the divisors Dℓ which intersect W , and the generic Lelong number of
ϕ′′ along each such divisor is strictly positive. On the other hand we also
have the function F ◦π on X˜ , singular along ∪ℓDℓ∪∪iY˜i∪ V˜ , where Y˜i is the
proper transform of Yi in X˜ , and which satisfies π
∗α + i∂∂(F ◦ π) > γπ∗ω
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for some small γ > 0. Hence
π∗α+ i∂∂(F ◦ π + γδ log |sD|
2
hD
) > γω˜,
is a Ka¨hler current. Let F˜ = F ◦ π + γδ log |sD|
2
hD
. Since the class [π∗α] is
nef, for any small ν > 0 there exists a smooth function ρν on X˜ such that
α+ i∂∂ρν > −νγω˜,
holds on X˜, and we can normalize ρν so that it is strictly positive. Then we
have
π∗α+ i∂∂
(
νF˜ + (1− ν)ρν
)
> ν2γω.
Let us shrink W slightly, so that ϕ′′ is defined on an open set containing W
in its interior. Thanks to [21, Lemma 2.1], we can find an A0ω˜-PSH function
ψ on X˜, for some A0 > 0, with analytic singularities along ∪iY˜i. We then
let ϕ′′′ = ϕ′′ + ε
′
2A0
ψ, so that π∗α+ i∂∂ϕ′′′ > ε
′
2 ω˜ on W and ϕ
′′′ has weakly
analytic singularities along (∪ℓDℓ ∪ ∪iY˜i) ∩W .
Pick any point x ∈ (∪ℓDℓ∪∪iY˜i)∩∂W , and fix a coordinate neighborhood
U of x where ϕ′′′ is defined, with U ∩ V˜ = ∅. We can then take a princi-
palization πˆ : Uˆ → U of the ideal sheaves of the singularities of ϕ′′′ and F˜
on U , obtained by a composition of smooth blowups, so that the pullbacks
of these ideal sheaves to Uˆ become principal with simple normal crossings
support. Therefore Uˆ is covered by local coordinates as before, where we
can write
πˆ∗ϕ′′′ = c1 log
(∏
k
|zik |
2αik
)
+ g1,
πˆ∗F˜ = c2 log
(∏
k
|zik |
2βik
)
+ g2,
where c1, c2, αik , βik are constants, g1, g2 are continuous functions. Note that
crucially the ideal sheaves which define the singularities of ϕ′′′ and F˜ have
the same support on U , which implies that αik > 0 iff βik > 0. Therefore,
if ν > 0 is sufficiently small, we will have that νF˜ + (1 − ν)ρν > ϕ
′′′ on a
possibly smaller open neighborhood of x.
Repeating this argument on a finite covering of (∪ℓDℓ∪∪iY˜i)∩∂W , we can
find ν > 0 and a neighborhood Z of ∪ℓDℓ∪∪iY˜i such that νF˜+(1−ν)ρν > ϕ
′′′
on Z ∩ ∂W . Since F˜ > −∞ on (∂W )\Z, we can choose A > 0 large enough
such that on (∂W )\Z we have νF˜ + (1 − ν)ρν > ϕ
′′′ − A. Altogether, this
means that νF˜ +(1− ν)ρν > ϕ
′′′−A holds in a whole neighborhood of ∂W .
Therefore we can finally define
Φ˜ =
{
max{ϕ′′′, νF˜ + (1− ν)ρν +A} on W
νF + (1− ν)ρν +A, on X˜\W,
which is defined on the whole of X˜ and satisfies T˜1 = π
∗α + i∂∂Φ˜ > ε′′ω˜
for some ε′′ > 0. Furthermore, since F˜ = −∞ on V˜ , while ϕ′′′ is continuous
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near the generic point of V˜ , we see that Φ˜ = ϕ′′′ in a neighborhood of the
generic point of V˜ . Therefore, Φ˜|V˜ is smooth in a neighborhood (in V˜ ) of
the generic point of V˜ .
The pushforward T˜ = π∗T˜1 is then a Ka¨hler current on X in the class [α]
whose restriction to V is smooth in a neighborhood (in V ) of the generic
point of V . This completes the proof of Theorem 3.2. 
4. Finite time singularities of the Ka¨hler-Ricci flow
In this section we study finite time singularities of the Ka¨hler-Ricci flow,
and give the proof of Theorem 1.5.
Let (X,ω0) be a compact Ka¨hler manifold of dimension n, and consider
Ka¨hler metrics ω(t) evolving under the Ka¨hler-Ricci flow (1.2) with initial
metric ω0. Suppose that the maximal existence time of the flow is T < ∞.
Then the class [α] = [ω0]−Tc1(X) is nef, but not Ka¨hler. Moreover, assume
that
∫
X α
n > 0, so the volume of (X,ω(t)) does not go to zero as t → T−.
Let α be a smooth representative of this limiting class, and set
ωˆt =
1
T
((T − t)ω0 + tα) ∈ [ω0]− tc1(X)
χ =
∂
∂t
ωˆt =
1
T
(α− ω0) ∈ −c1(X).
Let Ω be a volume form so that i∂∂ log Ω = χ, and
∫
X Ω =
∫
X ω
n
0 . Then the
Ka¨hler-Ricci flow can be written as the parabolic complex Monge-Ampe`re
equation
∂
∂t
ϕ = log
(
ωˆt + i∂∂ϕ
)n
Ω
, ωˆt + i∂∂ϕ > 0, ϕ(0) = 0,
so that
ω(t) = ωˆt + i∂∂ϕ,
solves (1.2). Since the limiting class is nef and has positive self-intersection,
Theorem 2.2 shows that there exists a Ka¨hler current
(4.1) R = α+ i∂∂ψ > εω0,
which has analytic singularities, and such that
{ψ = −∞} = E+(R) = EnK(α).
By subtracting a constant to ψ, we can assume that supX ψ 6 0. Recall
from [5] that an α-PSH function ϕ has said to have minimal singularities if
for every α-PSH function η there is a constant C such that ϕ > η − C on
X. Then we have
Theorem 4.1. There is a closed positive real (1, 1) current ωT on X in
the class [α], which is smooth precisely away from EnK(α) and has minimal
singularities, such that as t → T− we have that ω(t) converges to ωT in
C∞loc(X\EnK(α)) as well as currents on X.
Theorem 1.5 follows easily from this result.
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Proof of Theorem 1.5. Theorem 4.1 says that no singularities develop on
X\EnK(α). Thanks to the main Theorem 1.1, EnK(α) = Null(α). Finally,
we show that the metrics ω(t) must develop singularities everywhere along
Null(α). Indeed, assume that there is a point x ∈ Null(α) with an open
neighborhood U where the metrics ω(t) converge smoothly to a limit Ka¨hler
metric ωU on U . Since x ∈ Null(α), there is an irreducible k-dimensional
analytic subvariety V ⊂ X with x ∈ V and
∫
V α
k = 0. Then∫
V
ω(t)k >
∫
V ∩U
ω(t)k →
∫
V ∩U
ωkU > 0,
but at the same time
∫
V ω(t)
k →
∫
V α
k = 0, a contradiction. 
The same proof shows that if T < ∞ is a finite time singularity with∫
X α
n = 0, then singularities develop on the whole of X.
As a side remark, we have the following:
Proposition 4.2. Let (Xn, ω0) be a compact Ka¨hler manifold with nonneg-
ative Kodaira dimension. Then if the Ka¨hler-Ricci flow (1.2) develops a
singularity at a finite time T , we must necessarily have that∫
X
(ω0 − Tc1(X))
n > 0,
and Theorem 1.5 then applies.
Proof. Indeed, nonnegative Kodaira dimension means that H0(X, ℓKX) 6= 0
for some ℓ > 1. Since c1(KX) = −c1(X), this implies that the class −Tc1(X)
is pseudoeffective (i.e. it contains a closed positive current S), and therefore
the class [α] = [ω0] − Tc1(X) is big since it contains the Ka¨hler current
S+ω0. Then [4, Theorem 4.7] shows that the volume v(α) is strictly positive,
and since [α] is also nef we can apply [4, Theorem 4.1] and conclude that∫
X α
n = v(α) > 0. 
If X is projective then it is enough to assume that X is not uniruled,
using the same argument as above together with the main theorem of [6].
Let us also remark that when n = 2 if [α] = ω0 − Tc1(X) is the limiting
class as above, then Null(α) is a disjoint union of finitely many (−1)-curves
(see [50, Theorem 8.3]) which can be contracted to give a new Ka¨hler surface
Y and [α] is the pullback of a Ka¨hler class on Y . The Ka¨hler-Ricci flow can
then be restarted on Y , and the whole process is continuous in the Gromov-
Hausdorff topology thanks to work of Song-Weinkove [51].
Now we start with the proof of Theorem 4.1. We first need several lemmas.
Lemma 4.3. There is a constant C > 0 such that on X × [0, T ) we have
(i) ϕ˙(t) 6 C,
(ii) ωn 6 CΩ,
(iii) ϕ(t) 6 C.
The proof is extremely easy (see [50, Lemma 7.1]). Note that (i) is equiv-
alent to (ii), and that integrating (i) from 0 to T gives (iii).
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Lemma 4.4. There is a constant C > 0 such that on X × [0, T ) we have
(i) ϕ˙(t) > Cψ − C,
(ii) ωn > C−1eCψΩ.
Proof. It is enough to prove (i), since (ii) is clearly equivalent to (i).
To prove (i), note that
ωˆt + i∂∂ψ =
1
T
(
(T − t)(ω0 + i∂∂ψ) + t(α+ i∂∂ψ)
)
.
Now we have
ω0 + i∂∂ψ > ω0 − α > −Cω0, α+ i∂∂ψ = R > εω0,
where these inequalities are in the sense of currents. Therefore, there is a
small δ > 0 such that for t ∈ [T − δ, T ) we have
(4.2) ωˆt + i∂∂ψ >
ε
2
ω0,
again as currents. Let
Q = ϕ˙+Aϕ−Aψ +Bt,
where A and B are large constants to be fixed soon. Our goal is to show
that Q > −C on X × [0, T ), since then Lemma 4.3 (iii) implies (i).
We fix the constant A large enough so that
(A− 1)(ωˆt + i∂∂ψ) + χ > ω0,
holds on [T − δ, T ). To fix the value of B, we first use the arithmetic-
geometric mean inequality to get on [T − δ, T )
(4.3)
ε
2
trωω0 > C
−1
0
(
Ω
ωn
)1/n
,
where C0 is a uniform constant. But since the function y 7→ A log y−C
−1
0 y
1/n
is bounded above for y > 0, we have that
(4.4) C−10
(
Ω
ωn
)1/n
+A log
ωn
Ω
> −C1,
for another uniform constant C1. We then set B = C1 +An.
From the definition of Q we see that Q > −C holds on X × [0, T − δ],
for a uniform constant C. Therefore, to prove that Q > −C on X × [0, T ),
it suffices to show that given any T − δ < T ′ < T , the minimum of Q
on X × [0, T ′] is always achieved on [0, T − δ]. Let then (x, t) be a point
in X × (T − δ, T ′] where Q achieves a minimum on X × [0, T ′]. Since Q
approaches +∞ along EnK(α), we conclude that x /∈ EnK(α). At (x, t) we
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have
0 >
(
∂
∂t
−∆
)
Q = trωχ+Aϕ˙−An+Atrω(ωˆt + i∂∂ψ) +B
= trω(ωˆt + i∂∂ψ) + trω
(
(A− 1)(ωˆt + i∂∂ψ) + χ
)
+A log
ωn
Ω
−An+B
>
ε
2
trωω0 +A log
ωn
Ω
+ trωω0 −An+B,
where ∆ = ∆ω(t) is the Laplacian of the moving metric. Thanks to (4.3),
(4.4), we conclude that
0 >
(
∂
∂t
−∆
)
Q > trωω0 − C1 −An+B = trωω0 > 0,
a contradiction. 
Integrating Lemma 4.4 (i) from 0 to T gives the bound ϕ(t) > Cψ − C.
We now sharpen this:
Lemma 4.5. There is a constant C > 0 such that on X × [0, T ) we have
(4.5) ϕ(t) > ψ − C.
Proof. Let Q = ϕ−ψ+At, for A a large constant to be determined. We need
to show that Q > −C on X× [0, T ). Clearly, Q > −C holds on X× [0, T −δ]
(where δ is as in Lemma 4.4), so we fix T − δ < T ′ < T and suppose that Q
achieves its minumum on X × [0, T ′] at (x, t) with t ∈ (T − δ, T ′]. Since ψ
approaches −∞ along EnK(α), we have that x ∈ X\EnK(α). At (x, t) we
then have
0 >
∂Q
∂t
= log
(ωˆt + i∂∂ψ + i∂∂Q)
n
Ω
+A
> log
(ωˆt + i∂∂ψ)
n
Ω
+A
> log
(εω0/2)
n
Ω
+A > −C +A,
using (4.2). If we choose A > C, this gives a contradiction. 
Lemma 4.6. There is a constant C > 0 such that on X × [0, T ) we have
(4.6) trω0ω 6 Ce
−Cψ.
Proof. Let
Q = log trω0ω −Aϕ+Aψ,
where A is a large constant to be determined soon. Thanks to Lemma 4.3
(iii), we will be done if we show that Q 6 C on X × [0, T ). Again, from the
definition of Q we see that Q 6 C holds on X × [0, T − δ], for a uniform
constant C. Fix then any T − δ < T ′ < T and suppose that Q achieves its
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maximum on X × [0, T ′] at (x, t) with t ∈ [T − δ, T ′]. Then at (x, t) we can
use (4.2) to estimate
0 6
(
∂
∂t
−∆
)
Q 6 Ctrωω0 +A log
Ω
ωn
+An−Atrω(ωˆt + i∂∂ψ)
6 (C −Aε/2)trωω0 +A log
Ω
ωn
+An,
where we used the standard parabolic C2 “Aubin-Yau” calculation (see e.g.
[50, Proposition 2.5]). Hence if we choose A large so that C − Aε/2 6 −1,
we see that at (x, t) we have
trωω0 6 C log
Ω
ωn
+ C.
Hence at the maximum of Q,
trω0ω 6
1
(n− 1)!
(trωω0)
n−1ω
n
ωn0
6 C
ωn
Ω
(
log
Ω
ωn
)n−1
+ C 6 C,
because we know that ω
n
Ω 6 C (Lemma 4.3 (ii)) and x 7→ x| log x|
n−1 is
bounded above for x close to zero. Thanks to Lemma 4.5, this implies that
Q is bounded from above at its maximum, and we are done. 
Related estimates can be found in [8] under slightly different assumptions.
Proof of Theorem 4.1. Fix any compact set K ⊂ X\EnK(α). Thanks to
Lemmas 4.4 (ii) and 4.6, there is a constant CK > 0 such that
C−1K ω0 6 ω(t) 6 CKω0 on K × [0, T ).
Applying the local higher order estimates of Sherman-Weinkove [43], we
get uniform C∞ estimates for ω(t) on compact subsets of X\EnK(α). This
implies that given every compact set K there exists a constant CK such that
∂
∂t
ω = −Ric(ω) 6 CKω,
which implies that e−CK tω(t) is decreasing in t as well as being bounded
from below. This implies that ω(t) has a limit as t→ T , and since we have
uniform estimates away from EnK(α), we see that ω(t) converges in C
∞ on
compact sets to a smooth Ka¨hler metric ωT on X\EnK(α). Furthermore, by
weak compactness of currents, it follows easily that ωT extends as a closed
positive current on X and ω(t) converges to ωT as currents on X.
Finally we show that the limiting current ωT on X has minimal singular-
ities (which implies for example that it has vanishing Lelong numbers [5]).
This argument is an adaptation of a similar one in [65]. If we let η be any
α-PSH function, we need to show that there is a constant C (which depends
on η), such that
(4.7) ϕ > η − C,
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holds on X × [0, T ). Using Demailly regularization, we obtain functions ηε,
with analytic singularities, with α+ i∂∂ηε > −εω0, which decrease to η. Let
Q = ((ϕ+ (T − t)ϕ˙+ nt) + ε(ϕ− tϕ˙+ nt)− ηε) ,
and, wherever Q is smooth, calculate(
∂
∂t
−∆
)
Q = trω(α+ εω0 + i∂∂ηε) > 0.
Note that for each time t the quantity Q is bounded below (and smooth
at a point where its minimum is achieved), hence the minimum principle
(together with the fact that ηε 6 C independent of ε) implies that Q > −C,
where the constant C does not depend on ε, or in other words
(1 + ε)ϕ+ (T − t− εt)ϕ˙ > ηε − C > η − C.
Letting ε→ 0 and using that ϕ˙ 6 C, we obtain (4.7). 
We now remark that the set of points where the Ka¨hler-Ricci flow develops
singularities can also be characterized using the curvature of the evolving
metrics. We are grateful to Zhou Zhang for pointing out this result to us.
Following Enders-Mu¨ller-Topping [24], we will call Σ the complement of
the set of points x ∈ X such that there exists an open neighborhood U of
x and a constant C > 0 with |Rm(t)|g(t) 6 C on U × [0, T ). Also, call Σ
′
the complement of the set of points x ∈ X such that there exists an open
neighborhood U of x and a constant C > 0 with R(t) 6 C on U × [0, T ),
where R(t) is the scalar curvature of ω(t).
Theorem 4.7. Let the setup be the same as in Theorem 1.5. Then
Null(α) = Σ = Σ′.
Proof. The inclusion Σ′ ⊂ Σ is trivial, and thanks to Theorem 4.1 we have
the inclusion Σ ⊂ Null(α). It then suffices to prove that if R(t) 6 C on
U × [0, T ), then on a smaller open neighborhood U ′ of x we have that ω(t)
converge smoothly to a Ka¨hler metric ωU ′ as t→ T
−.
The proof is contained in the work of Zhang [65, 64] (see also the exposi-
tion [50, Theorem 7.6]). In general, R > −C along the flow. From the flow
equation
ϕ˙ = log
ωn
Ω
,
∂
∂t
ϕ˙ = −R,
so ∂∂t ϕ˙ 6 C on M × [0, T ). Integrating from 0 to T we get ϕ˙ 6 C and
ϕ 6 C on M × [0, T ). Furthermore, on U × [0, T ) we have
∣∣ ∂
∂t ϕ˙
∣∣ 6 C and
hence |ϕ˙|+ |ϕ| 6 C. The quantity H = tϕ˙−ϕ−nt is therefore bounded on
U × [0, T ), and satisfies (
∂
∂t
−∆
)
H = −trωω0.
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On the other hand a “Schwarz-Lemma”-type calculation (see for example
[49, 50]) gives (
∂
∂t
−∆
)
log trωω0 6 Ctrωω0.
Therefore if we let Q = log trωω0 +AH, then(
∂
∂t
−∆
)
Q 6 −trωω0 6 0,
provided A is large enough. Therefore given any T ′ < T , the maximum of
Q on M × [0, T ′] is achieved at t = 0, and hence
log trωω0 +A(tϕ˙− ϕ− nt) 6 C.
This means that on M × [0, T ) we have
trωω0 6 Ce
−Atϕ˙+Aϕ+Ant 6 Ce−Atϕ˙.
But ωn/Ω 6 C thanks to Lemma 4.3 (ii), and so
trω0ω 6 C(trωω0)
n−1ω
n
Ω
6 Ce−(n−1)Atϕ˙.
On U × [0, T ) we therefore have C−1ω0 6 ω 6 Cω0. The local higher order
estimates of Sherman-Weinkove [43], then give us C∞ estimates for ω on
U ′ × [0, T ) for a slightly smaller open neighborhood U ′ of x, and from here
we conclude as in the proof of Theorem 4.1. 
5. Degenerations of Ricci-flat Ka¨hler metrics
In this section we study degenerations of Ricci-flat Ka¨hler metrics on
Calabi-Yau manifolds, and prove Theorem 1.6.
Let X be a Calabi-Yau manifold, which is a compact Ka¨hler manifold
with c1(X) = 0 in H
2(X,R). Let K ⊂ H1,1(X,R) be the Ka¨hler cone of X.
Then Yau’s theorem [62] says that for every Ka¨hler class [α] ∈ K there exists
a unique Ka¨hler metric ω ∈ [α] with Ric(ω) = 0. Let α be a smooth closed
real (1, 1) form on X with [α] ∈ ∂K nef and
∫
X α
n > 0. Let [αt] : [0, 1]→ K
be a continuous path of (1, 1) classes with [αt] ∈ K for t > 0 and with
[α0] = [α]. For 0 < t 6 1 write ωt for the unique Ricci-flat Ka¨hler metric in
the class [αt].
Proof of Theorem 1.6. Throughout this proof we fix ω a Ricci-flat Ka¨hler
metric on X. To start, let us see that we can choose a continuously varying
path of reference (1, 1) forms αt cohomologous to [αt] with α0 = α. Indeed,
it is easy to find (1, 1) forms α˜t representing the classes [αt] and varying
continuously in t. Since α˜0 and α are cohomologous, we may write α˜0 =
α+ i∂∂η, and then let αt = α˜t− i∂∂η. In general the forms αt do not satisfy
any positivity property. Recall the following construction from [7]: for any
x ∈ X let
Vα(x) = sup{ϕ(x) | ϕ is α-PSH, sup
X
ϕ 6 0}
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be the extremal function associated to the form α. Then α + i∂∂Vα > 0
and Vα has minimal singularities among all α-PSH functions. Similarly, for
0 6 t 6 1 we let Vt = Vαt , so that V0 = Vα. Then the function Vα is
continuous on X\EnK(α), while if t > 0 then Vt is continuous everywhere
on X.
Using the theorem of Demailly-Pa˘un together with Demailly’s regulariza-
tion, we see that there exists an α-PSH function ψ with analytic singularities,
with supX ψ = 0 and with α + i∂∂ψ > δω on X, for some δ > 0. Further-
more, thanks to Theorem 2.2, the function ψ can be chosen to be smooth
on X\EnK(α) (and singular on EnK(α)). In general Vα has strictly weaker
singularities than ψ, i.e. it need not be singular on EnK(α). For example if
Y is a compact Ka¨hler surface, π : X → Y is the blowup of a point, E ⊂ X
is the exceptional divisor, and α = π∗ω for a Ka¨hler metric ω on Y , then
Vα vanishes identically while ψ is singular along E.
Note that for t sufficiently small, we will have
(5.1) αt + i∂∂ψ = α+ i∂∂ψ + (αt − α) > δω/2.
Therefore, from the definition of Vt, we have that
(5.2) Vt > ψ,
holds on X for all t sufficiently small.
For t > 0 we can write ωt = αt + i∂∂ϕt, with supX ϕt = 0. Then the
functions ϕt solve the complex Monge-Ampe`re equation
(5.3) ωnt = (αt + i∂∂ϕt)
n = ctω
n,
where the constant ct equals
∫
X α
n
t /
∫
X ω
n (and is therefore bounded uni-
formly away from zero and infinity). The crucial result is then the following
estimate of Boucksom-Eyssidieux-Guedj-Zeriahi [7, Theorem 4.1, Remark
4.5]
(5.4) ϕt > Vt − C,
for a uniform constant C independent of t. This is generalization of a seminal
result of Ko lodziej [30]. Thanks to (5.2), we conclude that
(5.5) ϕt > ψ − C,
for all t sufficiently small. Furthermore [7, Theorem 4.1] also gives us a
unique α-PSH function ϕ0 with supX ϕ0 = 0 solving
〈α+ i∂∂ϕ0〉
n = c0ω
n,
onX\EnK(α), and with ϕ0 > Vα−C (here 〈·〉
n is the non-pluripolar product
defined in [7]). Now the same simple argument as [7, Lemma 5.3] shows
that as t → 0 the functions ϕt converge to ϕ0 in L
1(X). To get higher
order estimates of ϕt on X\EnK(α) we proceed as follows. Let ∆t be the
Laplacian of ωt, A a large constant, and Qt = log trωωt − Aϕt + Aψ. A
standard calculation (see e.g. [62]) gives
∆tQt > −Ctrωtω − C −An+Atrωt(αt + i∂∂ψ).
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We can assume that t is sufficiently small so that (5.1) holds, and choose A
sufficiently large so that
∆tQt > trωtω − C.
Note that for any t > 0 the function Qt approaches −∞ along EnK(α), so
its maximum is achieved on its complement. For any sufficiently small t,
let x ∈ X\EnK(α) be a point where the maximum of Qt is achieved. Then
trωtω(x) 6 C, and using (5.3) we see that trωωt(x) 6 C and
Qt 6 logC −Aϕt(x) +Aψ(x) 6 C,
thanks to (5.5). Therefore Qt 6 C holds on X for all small t > 0. Since
supX ϕt = 0, we have proved that
trωωt 6 Ce
−Aψ.
This implies that ωt is uniformly equivalent to ω on any compact set K ⊂
X\EnK(α), independent of t. The higher order estimates (either the Calabi
C3 estimate [62] or the Evans-Krylov theory [45]) are local, and so we get
uniform C∞loc estimates for ϕt on X\EnK(α). It follows that as t → 0 the
Ricci-flat metrics ωt converge to ω0 = α+ i∂∂ϕ0 in C
∞
loc(X\EnK(α)). Note
that this gives a slightly simpler proof of the fact that ϕ0 ∈ C
∞(X\EnK(α))
than the one given in [7, Theorem 4.1]
Next, the metrics ωt have a uniform upper bound on their diameter thanks
to [55, 63]. Once we show the Gromov-Hausdorff convergence statement,
it will also follow that (X\EnK(α), ω0) has finite diameter, and hence is
incomplete. The Gromov-Hausdorff convergence is proved exactly along the
lines of [40, Lemma 5.1], who dealt with the case when X is projective and
[α] is rational. The key point is that thanks to our main Theorem 1.1,
EnK(α) = Null(α), so the exact same argument as [40, Lemma 5.1] applies,
with the subvariety E there replaced by Null(α). 
Finally, let us remark that the same proof as in Theorem 2.5 or Theorem
1.5 shows that the metrics ωt cannot converge smoothly to a Ka¨hler metric
near any point of Null(α).
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